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Definition:

Let & be a group with identity e . Thenarng Ris a
G-graded ring if there exist additive subgroups &, of &
indexed by the elements g € Gsuchthat R = @6 K and
ReRw C Renforallg, i € G.

The elements of &, are called homogeneous of degree g
and all the homogeneous elements are denoied by A(X), 1.e.
hR) = Uges Re. Ifx € R, then x can be written uniquely as
Yeeaxe, Where x¢ Is called homogeneous component of x in
.. Moreover, &; iIsasubringof Rand 1 € &,.

Dr. Khaldoun Al-Zoubi




Example Let R be any ring and & be any group with
identity e. Then R is G-graded by R, = R and R, = 0 for all
g € G-{e+. This graduation is called the trivial graduation of R
by G.

Example

Letk = Alx|,where Kisafield, and G = £ Then R Is
G-graded by

Ry=K Ri=KEx'for i>0andR; = 0fori< 0. This is called
the usual graduation of KTx] by Z.




Definition
Let R =& R, be a G-graded ring . An ideal J of & is said 1o
=iy

be a graded ideal it / = @Bgec (/M Rg) = Bees lg. Thus ifx € I,
then x = Eggxe With x; € I

The following example shows that an ideal of a G-graded
ring need not be a graded ideal in general.

Example K = £[i] ( the Gaussian integers Jand let G = £a1.
Then R is G-graded ring with By = £ and R; = if. Let I be the
ideal of Rgeneratedbyx=(1+# . Thenxy=1and x; =i
Clearly, x € Twhile xo € I because if xp € I, then there
exists a+ib « £[i] such that 1 = (a+ ib)(1 + i), which implies
a-—b=1landa+ &= 0. Hence 2g = 1,a contradiction Thus [
Is not a graded ideal of K.
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The concept of graded prime ideal was introduce in[&].
as a generalization of the notion of prime ideal.

Definition :

Let K be a G-graded ring. A proper graded ideal fof R is
said to be graded prime ideal of R if whenever a and b are
homogenous element of & such that ab < Lthen eithera I
orbel.

Example Let R = £[i] { the Gaussian integers ) and let
G = £2. Then R is G-graded ring with B; = £ and R = if. Let
I = 2R Then [is graded prime ideal which is not a prime ideal
since (l+ifl-Hel, l+iglfandl-ie I
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Theorem Lel R be a ¢ —graded rning and / be a graded
ideal of E. Then [ is a graded prime ideal if and only if
whenever Jy, J; are graded ideals of & with

JgShHhol holorJy,Cl

Theorem Let/ly,. ... ..., I, be graded ideals of G-graded
R

ring K. Let P be a graded prime ideal such that r] Ii P
i=1

Thenl; c P forsomel <i<n.




Definition

Let R be a G-graded ring. A graded prime ideal Pof R is
said to satisfy the condition (). if {J.:}.=s i5 @ family of
graded ideals of &, then P contains M., {, only If P contains
some I,. A graded ring R is said to satisfy the condition (=) if
all graded prime ideals of R satisfies the condition (=).

Theorem Let & be a G-graded integral domain. If &
satisfies the condition (). then & i1s a graded field.




Let & and R' be two G-graded rings. A homomorphism of
graded rings ¢ : E - R’ is a homomorphism of rings verifying
p(Reg) c R-foreveryg € G.

Theorem

Let R and R’ be two G-gradedringsand ¢ - R -~ R be an
epimorphism of graded rings. Let ' be a graded prime ideal
of R'. Then P' is a graded prime ideal of R’ if and only if
o~ (P") is a graded prime ideal of R.




Theorem Let R and B’ be two G-graded rings and
¢ - R - R’ be an epimorphism of graded rings. If R satisfies
the condition (=), then &' satisfies the condition (=).

Corollary Let & be a -graded ring satisfying the condition
(=) and [ a graded ideal of &. Then &7 satisfies the condition
(*).




A G-graded ring R is said to be a graded Artinian
(gr-Artinian) if satisfies the descending chain condition for
graded ideals.

Theorem Let R be a G-graded ring. If & is a graded Artinian
ring, then K satisfies the condition ().




Definition A G-graded rnng & is said to satisfy the condition

(#) if Pis a graded prime ideal of R and {I.:} .<s i5 a family of
graded ideals of K suchthatl. + P=Rforalla € A. then
MNeea o E P

Theorem
Let R be a G-graded ring. If R satisfies the condition (=),
then R satisfies the condition (#).




Theorem Let R and R be two G-graded ring and
¢ - R — R be an epimorphism of graded ring. If R satisfies
the condition (#). then R' satisfies the condition (#).

Theorem Let & be a G-graded ring, and . .= be a family

of graded ideals of E. Then the following are equivalent:

1) & safisfies the condition (#).

i) Every graded maximal ideal Af of R safisfies the condition
(%).

lil) For any graded maximal ideal M of B, M+ I, = R implies
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