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A map )\ : A — L is called reticulation if it satisfies

(R1) Xa®b) = X(a) AN A(b)

(R2) X(aVvbd) = Aa)V )

(R3) XN0)=0, M(1)=1

(R4) M\N:A— L is onto

(R5) MXa) < A(b) <= a" <b for some nc N

Then we have
1. Spec(A) is a compact Tp-space
2. Spec(A) and Spec(L) are homeomorphic

Spec(A) = Spec(L)



Results|

1. A reticulation map )\ can be defined by
two conditions:

(R4) X: A— L is onto;
(R5) Xa) <A(b) <= (Ine N) s.t. a" <b

2. A reticulation map )\ can be considered
as a lattice homomorphism between A and
L. Moreover, (PF(A),¢) is a unique reticu-
lation on A up to isomorphism and

A/ ker(A\) = PF(A)



An algebraic system (A, A,V,®,—,0,1) is called a

residuated lattice if

(1) (A,A,Vv,0,1) is a bounded lattice;
(2) (A,©,1) is a commutative monoid;
(3) For all a,b,ce A,

aOb<c<—a<b—c



Proposition 1 Let A be a residuated lattice. For

all a,b,c € A, we have

(1)a<besa—b=1
(Da—=(—=c)=a0b—c=b— (a—c)
(3)a®(a—b)<b
(4)a—b< (b—c) = (a— c)

(5)a—-b<(¢c—>a)— (c—Db)



FCA (F=#£0)is called a filter (F € F(A)) if

< (F1) z,ye F implies x Oy € F};
(F2) If z ¢ F and x <y, then y € F.

la) ={be A|(Adn € N) s.t. a" <b} (a€ A)
iIs called a principal filter ([a) € PF(A))

A filter P(£ A) is called prime (P € Spec(A)) if it
satisfies the condition

avVbe Pimpliesac Porbe P



For a lattice L, a subset FF C L (F # () is called
a lattice filter (F € LF(L)) if

(LF1) x,y € F = x ANy € F
(LF2) e Fand 2<y = y € F

Moreover, FF e FL(L),F(# L) is called prime (F €
Spec(L)) if it satisfies the condition

tVyeF =xeForyeF



Let A be a residuated lattice and L a bounded
distributive lattice. For any subset S C A, T C L,

we take
Dy(S) ={P € Spec(A)|S L P}
Dy (T)={P e Spec(L)|T Z P}

Proposition 2|

(1) 74 = {D4y(S)|S C A} is a topology on

Spec(A)
(2) o = {D(T)|T C L} is a topology on

Spec(L)




A pair (L,)\) of a bounded distributive lattice L
and a map \A: A — L is called a reticulation on A
if

(R1) X(a ©b) = A(a) AX(b);
(R2) A(aVb) = A(a)V Ab);
(R3) A(0) =0, A(1) = 1;
(R4) X: A — L is onto;

(R5) X(a) < A(b) <= a" <b for some n c N.
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Proposition 3| | ot (L,)\) be a reticulation on A.

T hen we have

(1) a<b = A(a) < A(D)
(2) XlaAnb) = X(a) AN A(b)
(3) Forall ne N, X(a"™) = A(a)

(4) Aa) = A(b) <= [a) = [b)
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Theorem 4] [Muresan] Let (L,)\) be a reticula-
tion on A. Then

(a) Spec(A) and Spec(L) are topological spaces.
(b) \*: Spec(L) — Spec(A) is a homeomor-
phism, where \*(P) = A\~ 1(P) (P € Spec(L)).
(c) For two reticulations (L1, A1) and (Lo, \>)
on A, there exists a lattice isomorphism f :
L1 — L~ such that \j o f = \o.

(d) (PF(A),n) is a reticulation on A, where
n(a) = a).
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Let f: A— L be a map with (R4) and (R5).

(R4) f:A— L is onto;
(R5) f(a) < f(b) <= (Ine N) s.t. a" <}

Lemma 5|

(1) a < b= f(a) < f(b)

(2) f(anbd) = f(a©b)

(3) flanb) = fla) A f(b) ---(R1)
(4) flavd) = f(a)V f(b) --- (R2)
(5) 7(0) =0, f(1)=1---(R3)

12



Theorem 6] oA map f: A— L is a reticulation on
A iIf and only if

(R4) f:A— L is onto;

(R5) f(a) < f(b)«<—= (dne N) s.t. a" <b
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Let (L,)\) be a reticulation on A. Then we have

(h1) X(0) =0, X(1)=1

(h2) AX(laAb) =A(la®b) = A(a) AN (b)
(h3) A(aVbd) = Aa) Vv A(b)

Y

A A— L 1S a onto lattice homomorphism.

If we take ker(\) = {(a,b) | A(a) = A(b),a,b € A},
then

Proposition ¢ ker(\) is a congruence on A w.r.t.

A, O, V.
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a/ker(A) ={be A|(a,b) € ker(A)}
A/ ker(A) = {a/ker(A)|a € A}

We define M,14,0,1 on A/ ker(\) as follows:

a/ker(A) b/ ker(A) = (a Ab)/ ker(A)

= (a ©®b)/ ker(N)
a/ker(A) Ub/ker(A) = (aVb)/ker(A)
0= 0/ker(\),

1=1/ker(\)
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Theorem 8| [Homomorphism Theorem]

(1) (A/ker(N),M,,0,1) is a bounded distributive
lattice.

(2) A map v : A —» A/ker()\) defined by v(a) =
a/ ker(A) gives a reticulation (A/ker(\),v) on A
and

A/ ker(\) = L.
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Let Dy(a) = {P € Spec(A) |a ¢ P}. If we define a
relation = on A by a=b<= D,(a) = D4(b), then
= IS a congruence on A.

(Theorem) [Muresan] For A/= = {[a] |a € A}, we
have

1. (A/=,A,V,][0],[1]) is a bounded distributive lat-
tice.
2. (A/=,n) is a reticulation on A.
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If we note that A\(a) = \(b) <— [a) = [b), then

a =b<= Dj(a) = D 4(b)
< ad¢ Piff b& P (VP € Spec(A))
—aecPiff be P (VP € Spec(A))
<~ [a) = [0)
< A(a) = \(b)
< (a,b) € ker(\)

This implies that the binary relation = is identical
with the kernel ker(\) of ).
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If we define an order C on PF(A) by
[a) C [b) <= [b) C [a),
then PF(A) is a bounded distributive lattice.

We define a map £: A — PF(A) by £(a) = [a).

Theorem 9| (pr(4).¢) is the reticulation of A
and

A/ ker(A) = PF(A).
T

Homomorphism T heorem
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