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Boolean Operations

neN

f:{0,1}" — {0,1} is called n-ary Boolean operation
Pj set of all n-ary Boolean operations

1Py = 2¥

n = 2: binary Boolean operations
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Binary operation

@ Definition of a binary operation + on Pj by

Definition
f+g:=5(fg..., g), ie (f+g)(@) :=1(g@),...,g(a)) for all

o f3+ f, = fi since

o £(f(0,0),74(0,0)) =fA(1,1) =1
o f(f(0,1),/(0,1) = f(1,1) =1
o £(f4(1,0),4(1,0)) = £(0,0) = 1
o B(A(1,1).H(1,1) =A(11) =1
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e (P, +) is a semigroup

The semigroup (P}, +) is well studied in Semigroup Theory.

o Why?
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T(A) set of all transformations on A

a,pe T(A)

composition of transformations a(a - ) = a(aB) = (aw)p)
T(A) forms a semigroup under composition

im = {an : a € A} is called image of «

BCA

T(AB):={a e T(A):ima C B}

Jorg Koppitz (Institute) Semigroups of sets of n-ary functions SSAOS 2016 (05/09/2016) 6 /15



Transformations with restricted range

e T(AB)<T(A)

Joérg Koppitz (Institute) Semigroups of sets of n-ary functions SSAOS 2016 (05/09/



Transformations with restricted range

e T(AB)<T(A)

@ semigroup with restricted range (Symons, 1975)

Joérg Koppitz (Institute) Semigroups of sets of n-ary functions SSAOS 2016 (05/09/



Transformations with restricted range
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Sommancee,

@ 2011: "The Ideal Structure of Semigroups of Transformations with
restricted range", Suzana Mendes-Gongales and R. P. Sullivan

@ 2011: "The regular part of a semigroup of transformations with
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@ 2013: "Rank and idempotent rank of finite full transformation
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Bijection

o A={0,1}"
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o A={0,1}"

B=Ay,:=14(0,...,0),(1,...,1
0 B= A= {(0...0).(

n times n times

)} < {01}
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o A={0,1}"
B=A«,:=1(0,..., 0),(1,..., 1)} C{0,1}"
o B= A= {00 (LD} (0.1)
n times n times
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feP], ar:{0,1}" — Ax, by aas := (f(3),...,(3)).
N— ———
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o A={0,1}"
B=A«,:=1(0,..., 0),(1,..., Ht c{o1}"
o B= A= {00 (LD} (0.1)
n times n times
Definition
feP], ar:{0,1}" — Ax, by aas := (f(3),...,(3)).
N— ———
n times

o {ar:fe Py} CT({0,1}" Axp)

h: Pl — T({0,1}",Ax,) with h: f +— ar is bijective.
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Isomorphism

@ We can show that h is isomorphism

(Py;4+) =2 T({0,1}", Axp).

o Let h: P} — T({0,1}",Axp) with h: f — af

e h is bijective

o a(h(f +g)) = 3n(rig)

o =(f+g@3),..., f+g(3))

o =(f(g(3,....2(3).-... f(g(@).....£(3)))
o =(g(a),....&(a)ar = (qag)ar = a(agar)

°
Il
[

(h(g)h(f)).
o This shows h(f + g) = h(g) - h(f).
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New approach

o |{0,1}"] =27, Xpr := {1,2,...,2"}
T({0,1}", Ay,) = T(Xon, {1,2})

P = T(Xpn, {1,2})

SetPy" set of all non-empty subsets of P;"

|SetP; | = 2lP2"l — 1

n=2) |SetPx2| = 2lP*| 1 =016 _1
( 5

o We introduce a binary operation * on SetP,*> by
AxB:={ab:ac A be B}

o (SetP,", x) forms a semigroup
o (SetP,"; U, x) forms a semiring
o g: Py" — (SetPy", *) with a—— {a} is an embedding
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What about (SetPy", x)?
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Idempotent ele
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Idempotent elements

o A€ SetPy" is called idempotent if Ax A=A
o E(SetP;y") set of all idempotents in SetP;"
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Idempotent elements

o A€ SetPy" is called idempotent if Ax A=A
o E(SetP;y") set of all idempotents in SetP;"

{(r )

|—\N|
I\)I\.)l
~

)} € E(SetPy?)

I\JI—‘

Jorg Koppitz (Institute) Semigroups of sets of n-ary functions SSAOS 2016 (05/09/2016) 12 / 15



Idempotent elements

o A€ SetPy" is called idempotent if Ax A=A
o E(SetP;y") set of all idempotents in SetP;"

o n=2
) <1 §4>}€E(5etP2X2)
13 24
2 1

4 ) : .
is not idempotent

24
1
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Idempotent subsemigroups
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Idempotent subsemigroups

o 5 < (SetPy", ) is called idempotent subsemigroup (or band) if
S C E(SetPy").
o (SetP,", ) is not a band.
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Idempotent subsemigroups

o (SetP,", ) is not a band.

@ An idempotent subsemigroup S is called maximal idempotent
subsemigroup if

S<T=S=TorTZE(SetP;").
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Idempotent subsemigroups

o 5 < (SetPy", ) is called idempotent subsemigroup (or band) if
S C E(SetPy").
o (SetP,", ) is not a band.

@ An idempotent subsemigroup S is called maximal idempotent
subsemigroup if

S<T=S=TorTZE(SetP;").

There are exactly two maximal idempotent subsemigroups of (SetP,'", x).
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Regular elements

o A€ SetPy" is called regular if there is B € SetP,y" with
AxBx A=A
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Regular elements

o A€ SetPy" is called regular if there is B € SetP,y" with
AxBx A=A

The idempotent elements are regular.

Example

e n=2

A — 13 24 1234 1234
¢ = 2 1 )L 1 )L 2
e A is not idempotent since Ax A = {( 13 ) , ( 12134 ) , ( 12234 )}
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Regular elements

o A€ SetPy" is called regular if there is B € SetP,y" with
AxBx A=A

The idempotent elements are regular.
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Regular semigroups

@ A semigroup is called regular if all its elements are regular.
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Regular semigroups

@ A semigroup is called regular if all its elements are regular.
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Regular semigroups

@ A semigroup is called regular if all its elements are regular.

SetP;*" is not regular

@ A regular subsemigroup S is called maximal regular subsemigroup if

S<T==S=Tor T is not regular.
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Regular semigroups

@ A semigroup is called regular if all its elements are regular.

SetP;*" is not regular

@ A regular subsemigroup S is called maximal regular subsemigroup if

S<T==S=Tor T is not regular.

There are exactly two maximal regular subsemigroups of SetP,'".
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