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Introduction - poset-based logic for the De Morgan negations

In this lecture we introduce several poset-based logics for the De Morgan
negation.

A crucial problem concerning logics is their soundness, completeness, finite
model property and decidability. We solved this problem with I. Chajda for
poset-based logics for the De Morgan negation.

Note that the study of this problem goes back to the ISMVL in Toyama where
we started the study of this problem during our project Algebraic methods
in Quantum Logic supervised by Ivo G. Rosenberg.
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The poset-based logic with the De Morgan negation

In what follows, we denote propositional variables by p;q;r;..., the logical
connective negation by —, and two logical constants L and T where L stands
for the contradiction and T stands for the tautology. So formulae are
inductively defined by the following BNF:

pu=p|-¢|L]|T.

We denote formulae by ¢, v, x,... and let ® and A be the set of all
propositional variables and the set of all formulae. A logical consequence
relation = is a binary relation on A. We may interpret ¢ = v as “if ¢ then y.
So we call the left-hand formulae premises and the right-hand formulae
conclusions. We may sometimes call logical consequences sequents.

”»
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The poset-based logic with the De Morgan negation

We now introduce a sequent calculus (Lpysp) given as follows.
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The poset-based logic for the De Morgan negation is the collection of all
sequents derivable in Lpyp, denoted by Lpyp.
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The poset-based logic with the De Morgan negation

Using previous axioms and inductive steps, we can derive several useful
rules as follows.

Proposition

In the sequent calculus Lpyp, we can derive the following theorems and
inference rules.
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Warming up - basic notions, definitions and results . N .
Representation theorem of De Morgan posets

Soundness and completeness

Let A = (A;<,,0,1) be a bounded ordered set with an antitone involution (i.e.,
0 is the least and 1 the greatest element). Then A is called a De Morgan
poset. We notice that 0' = 1, 1’ = 0 and A satisfies the so-called De Morgan

laws:
aVb) =d Ab  ifavbexists and

(
(anb) =d Vb if anb exists.
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Let A= (A;<,,0,1) be a bounded ordered set with an antitone involution (i.e.,
0 is the least and 1 the greatest element). Then A is called a De Morgan
poset. We notice that 0' = 1, 1’ = 0 and A satisfies the so-called De Morgan

laws:
aVb) =d Ab  ifavbexists and

(
(anb) =d Vb if anb exists.

Let h: A — B be a partial mapping of De Morgan posets. We say that the
partial mapping 29 : A — B is the dual of # if h? (a) is defined for all a € A such
that a’ € domh in which case

A morphism of De Morgan posets is a mapping between De Morgan posets
which is a morphism of the respective bounded posets and which preserves
the antitone involution.
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S nd completen

Warming up - basic notions, definitions and results

The De Morgan poset M = (M;<,’,0,1), M = {0,a,b,c,d, 1} displayed by the
Hasse diagram in the above figure is the smallest non-lattice De Morgan
poset.
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A canonical example of a De Morgan poset is the four-element De Morgan
poset M, depicted below.

(1,1)= (070)/

(1,0)=(1,0) (0,1) = (0,1)

(0,0) = (1,1)
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Soundness and completeness

A canonical example of a De Morgan poset is the four-element De Morgan
poset M, depicted below.

(1,1) = (0,0)

(1,0) = (1,0)’ (0,1) = (0,1)

(0,0) = (1,1)

Recall that the four-element De Morgan poset M, considered as a
distributive De Morgan lattice, generates the variety of all distributive De
Morgan lattices. This result was the motivation for our study of the
representation theorem of De Morgan posets.
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Warming up - basic notions, definitions and results

Let A be a De Morgan poset and M be a complete De Morgan lattice. Let S
be a set of morphisms of De Morgan posets from A to M.
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Let A be a De Morgan poset and M be a complete De Morgan lattice. Let S
be a set of morphisms of De Morgan posets from A to M.

(a) Sis called order reflecting or a full set if
(Vse8)s(a) <s(b)) = a<b
for any elements a,b € A.
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Let A be a De Morgan poset and M be a complete De Morgan lattice. Let S
be a set of morphisms of De Morgan posets from A to M.

(a) Sis called order reflecting or a full set if
((Vse8)s(a) <s(b)) = a<b
for any elements a,b € A.
(b) If S'is an order-reflecting set then A is said to be representable in M.

For any De Morgan poset A = (4;</,0,1), we let 72MP denote a set of
morphisms of De Morgan posets into the four-element De Morgan poset M.

Poset-based logic for the De Morgan negation 12/31



The poset-based logic with the De Morgan negation
Representat th m of De Morgan
Soundness and compl

Warming up - basic notions, definitions and results

Definition

Let A be a De Morgan poset and M be a complete De Morgan lattice. Let S
be a set of morphisms of De Morgan posets from A to M.

(a) Sis called order reflecting or a full set if
((Vse8)s(a) <s(b)) = a<b
for any elements a,b € A.
(b) If S'is an order-reflecting set then A is said to be representable in M.

For any De Morgan poset A = (4;</,0,1), we let 72MP denote a set of
morphisms of De Morgan posets into the four-element De Morgan poset M.

Proposition

DMP

LetA =(A;</,0,1) be a De Morgan poset. Then the mapix: A — M, Ta

given by ix(a)(s) = s(a) for alla € A and all s € TPMP s an order-reflecting

morphism of De Morgan posets such that ix (A) is a De Morgan subposet of
TADMP

M,
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Warming up - basic notions, definitions and results

The key question is the soundness of the given logic, i.e. its correspondence
to the given algebraic structure. Fortunately, we are able to prove the
following theorem.

(Soundness). The poset-based logic for the De Morgan negation Lpyp is
sound for the class of De Morgan posets. That is, for every sequent ¢ = v in
Lpup, sy < ty is valid on all De Morgan posets, where sy andt, are the
corresponding term functions for ¢ and y.

The second important property of a given logic is its completeness. Similarly
as for the classical logic, we prove the following assertion by using of the
corresponding Lindenbaum-Tarski algebra.
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Soundness and completeness

The key question is the soundness of the given logic, i.e. its correspondence
to the given algebraic structure. Fortunately, we are able to prove the
following theorem.

(Soundness). The poset-based logic for the De Morgan negation Lpyp is
sound for the class of De Morgan posets. That is, for every sequent ¢ = v in
Lpup, sy < ty is valid on all De Morgan posets, where sy andt, are the
corresponding term functions for ¢ and y.

The second important property of a given logic is its completeness. Similarly
as for the classical logic, we prove the following assertion by using of the
corresponding Lindenbaum-Tarski algebra.

(Completeness). The poset-based logic for the De Morgan negation Lpyp is
complete with respect to the class of De Morgan posets.
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Soundness and completeness

Idea of the proof: We take the Lindenbaum-Tarski algebra Apyp for Lpyp.
That is, we take the quotient of A with respect to the equivalence relation =,
definedby ¢ =y <= ¢ = yinLpyp and y = ¢ in Lpyp. Itis plain that =
is really an equivalence relation. On this quotient set A/=, we can define
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Idea of the proof: We take the Lindenbaum-Tarski algebra Apyp for Lpyp.
That is, we take the quotient of A with respect to the equivalence relation =,
definedby ¢ =y <= ¢ = yinLpyp and y = ¢ in Lpyp. Itis plain that =
is really an equivalence relation. On this quotient set A/=, we can define

@ 0:=[1]=,

@ 1:=[Tlz,

o [¢]E < [W]E — (P =4 in Lpump,
® (9] := [~9]-.

It suffices to show that the Lindenbaum-Tarski algebra Apyp = (A/=,<,,0,1)
is a De Morgan poset.
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Idea of the proof: We take the Lindenbaum-Tarski algebra Apyp for Lpyp.
That is, we take the quotient of A with respect to the equivalence relation =,
definedby ¢ =y <= ¢ = yinLpyp and y = ¢ in Lpyp. Itis plain that =
is really an equivalence relation. On this quotient set A/=, we can define

@ 0:=[1]=,

@ 1:=[Tlz,

o [¢]E < [W]E — (P =4 in Lpump,
® (9] := [~9]-.

It suffices to show that the Lindenbaum-Tarski algebra Apyp = (A/=,<,,0,1)
is a De Morgan poset.

It is a plain checking that the Lindenbaum-Tarski algebra Apyp is a free De
Morgan poset over the set of propositional variables, i.e., for any mapping e
from the set ® of propositional variables to a De Morgan poset A there is a
uniquely determined morphism of De Morgan posets ¢: Apyp — A such that
e(p) = e(|p]=) for all propositional variables p.
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Idea of the proof: We take the Lindenbaum-Tarski algebra Apyp for Lpyp.
That is, we take the quotient of A with respect to the equivalence relation =,
definedby ¢ =y <= ¢ = yinLpyp and y = ¢ in Lpyp. Itis plain that =
is really an equivalence relation. On this quotient set A/=, we can define

@ 0:=[1]=,

@ 1:=[T]=,

o [¢]E < [W]E — (P =4 in Lpump,
° [PIZ :=[~¢]=.

It suffices to show that the Lindenbaum-Tarski algebra Apyp = (A/=,<,,0,1)
is a De Morgan poset.

It is a plain checking that the Lindenbaum-Tarski algebra Apyp is a free De
Morgan poset over the set of propositional variables, i.e., for any mapping e
from the set ® of propositional variables to a De Morgan poset A there is a
uniquely determined morphism of De Morgan posets ¢: Apyp — A such that
e(p) = e(|p]=) for all propositional variables p.

In what follows, we will able to show a little bit more.
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Morgan posets.
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that e is uniquely determined by the action on propositional variables.

The notion of satisfaction (validity) of such an equation in a De Morgan poset
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The role of M, in the equational theory of De Morgan posets is revealed by
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Informally, an equation is any equation in the first-order language of De
Morgan posets.

A valuation e on a De Morgan poset A is a morphism of De Morgan posets
from the Lindenbaum-Tarski algebra Apyp to the De Morgan poset A. Note
that e is uniquely determined by the action on propositional variables.

The notion of satisfaction (validity) of such an equation in a De Morgan poset
A is the usual model-theoretic notion of satisfaction (validity).

The role of M, in the equational theory of De Morgan posets is revealed by
the following theorem.

Theorem (Completeness Theorem for M;)

An equation holds in M, if and only if it holds in every De Morgan poset.
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The normal D-modal poset-based logic with the De Morgan negation

In what follows, we denote propositional variables by p;q;r;..., the logical
connective negation by —, two logical constants | and T, and two unary
modal connectives [J (necessity operator) and ¢ (possibility operator). So
formulae are inductively defined by the following BNF:

¢u=p[-¢[0¢ || L[T.
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connective negation by —, two logical constants | and T, and two unary
modal connectives [J (necessity operator) and ¢ (possibility operator). So
formulae are inductively defined by the following BNF:

¢u=p[-¢[0¢ || L[T.

We denote formulae by ¢, vy, x,... and let ® and A, be the set of all
propositional variables and the set of all formulae. A logical consequence
relation = is a binary relation on A,,.

Poset-based logic for the De Morgan negation 17/31



The normal D-modal poset-based logic with the De Morgan negation

We now introduce a sequent calculus (Lp,,p) as follows.
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The normal D-modal poset-based logic for the De Morgan negation is the
collection of all sequents derivable in Lp,,p, denoted by Lp,,p.
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The normal D-modal poset-based logic with the De Morgan negation

oeinicn
By a partial semi-tense De Morgan algebra is meant a triple D = (A; G, F)

such that A = (4;<,’,0,1) is a De Morgan poset with negation’ and G is a
partial mapping of A into itself satisfying
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oo

By a partial semi-tense De Morgan algebra is meant a triple D = (A; G, F)
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Definition

By a partial semi-tense De Morgan algebra is meant a triple D = (A; G, F)
such that A = (4;<,’,0,1) is a De Morgan poset with negation’ and G is a
partial mapping of A into itself satisfying

(81) G(0)=0and G(1) =1.

(S2) x <yimplies G(x) < G(y) whenever G(x),G(y) exist.
(S3) F=GP°.

(S4) x <yimplies G(x) < F(y) whenever G(y') and G(x) exist.

Just introduced G and F will be called semi-tense operators of a partial
semi-tense De Morgan algebra D. If both G and F are total we will speak
about a semi-tense De Morgan algebra.
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Definition

If (A1;G1,F) and (Ay; G, F>) are partial semi-tense algebras, then a
morphism of partial semi-tense algebras f: (A;;G1,F|) — (Ay;Gy, ) is a
morphism of De Morgan posets such that f(G;(a)) = G2(f(a)), for any a € A;
such Gy (a) is defined and f(F; (b)) = F(f(b)), for any b € A; such F;(b) is
defined, i.e., it simultaneously commutes with the respective semi-tense
operators.
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Definition

If (A1;G1,F) and (Ay; G, F>) are partial semi-tense algebras, then a
morphism of partial semi-tense algebras f: (A;;G1,F|) — (Ay;Gy, ) is a
morphism of De Morgan posets such that f(G;(a)) = G2(f(a)), for any a € A;
such Gy (a) is defined and f(F; (b)) = F(f(b)), for any b € A; such F;(b) is
defined, i.e., it simultaneously commutes with the respective semi-tense
operators.

Partial semi-tense De Morgan algebra D = (A;G, F) is called complete if its
reduct (4;<, 0,1) is a complete lattice.
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A frame is a triple (S,T,R) where S,T are non-empty sets, RCSxT. If S=T
we say that the pair (7,R) is a time frame. We say that
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The normal D-modal poset-based logic with the De Morgan negation

Theorem

LetM be a complete De Morgan iatlice, (S,T,R) be a frame, G,F be
mappings from M into M®, and H,P be mappings from MS into MT defined

i
)

by
G(p)(s) = Mp()[teT,sRt},
F(p)(s) = V{p(t)|teT,sRt},
H(g)(t) = NMa(s)|teT,sRi},
P(q)(t) = V{q(s)|teT,sRt}

forallpe M, qeMS, andse S, 1 €T. Then (P,G) and (F, ﬁ) are Galois
connections such that, F(p) = Ga( )=G(p') and P(q)=H(q)=H(J).
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forallpe M”, ge M5, ands < S,t € T. Then (P,G) and (F, H) are Galois
connections such that, F(p) = Ga( )=G(p') and P(q)=H(q)=H(q) If
(S,T,R) is serial (coserial) then G < F (H < P). Moreover, ifS=T and (T,R) is
serial (coserial) then G and P (H and F ) are semi-tense operators in our
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forall p e M", g€ M®, ands €S, 1 € T. Then (P.G) and (F, H) are Galois
connections such that, F(p) = Ga( )=G(p') and P(q)=H(q)=H(q) If
(S,T,R) is serial (coserial) then G < F (H < P). Moreover, ifS=T and (T,R) is
serial (coserial) then G and P (H and F ) are semi-tense operators in our
sense, and (M”;G,F) (M”;H,P)) is acomplete semi-tense De Morgan
algebra.

If S = T we say that the operators G and F = G° on M” are constructed by
means of (T,R). If (T,R) is serial and M = M, we say that (M};G,G?) is a
complex semi-tense De Morgan algebra constructed by means of (7,R).
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The construction of time frames and induced relations

Let A = (A;</,0,1) be a De Morgan poset, G: A — A a semi-tense operator
on A. Let us put

Rc={(s,t) € TADMP X TADMF> | (Vx € dom(G))(s(G(x)) <t(x))}.
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The construction of time frames and induced relations

Theorem

LetA = (A;</,0,1) be a De Morgan poset, G: A — A a semi-tense operator

onA. Then (TPMP R;) is a time frame. Let G be the operator constructed by
means of the time frame (TPMP R¢) and let us put F = G and F = G°. Then
the mapping i is an order-reflecting morphism of De Morgan posets into the

DMP
complete De Morgan lattice M;A such that the following diagram commutes
whenever the respective compositions are defined:

F G

A < A > A

iA iA iA
TDMP DMP TDMP
2A — M2A — > 2A
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The normal D-modal poset-based logic with the De Morgan negation CHIHERED 2D |G St
Soundness and completeness of Lp,,,p

(Soundness of Lp,,p). The normal D-modal poset-based logic for the De
Morgan negation Lp,,p is sound for the class of semi-tense De Morgan
algebras. That is, for every sequent ¢ = y in Lpyp, sy <ty is valid on all
semi-tense De Morgan algebras, where sy andt,, are the corresponding term

functions for ¢ and .
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(Soundness of Lp,,p). The normal D-modal poset-based logic for the De
Morgan negation Lp,,p is sound for the class of semi-tense De Morgan
algebras. That is, for every sequent ¢ = y in Lpyp, sy <ty is valid on all
semi-tense De Morgan algebras, where sy andt,, are the corresponding term

functions for ¢ and .

(Completeness of Lp,,p). The normal D-modal poset-based logic for the De
Morgan negation Lp,,p is complete with respect to the class of semi-tense
De Morgan algebras.
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Similarly as fo De Morgan posets one can easily check that the
Lindenbaum-Tarski algebra Ap,,p is a free semi-tense De Morgan algebra
over the set of propositional variables, i.e., for any mapping e from the set ®
of propositional variables to a semi-tense De Morgan algebra A there is a
uniquely determined morphism of semi-tense De Morgan algebras

e: Apmp — A such that e(p) = e([p]=) for all propositional variables p.
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Similarly as fo De Morgan posets one can easily check that the
Lindenbaum-Tarski algebra Ap,,p is a free semi-tense De Morgan algebra
over the set of propositional variables, i.e., for any mapping e from the set ®
of propositional variables to a semi-tense De Morgan algebra A there is a
uniquely determined morphism of semi-tense De Morgan algebras

e: Apmp — A such that e(p) = e([p]=) for all propositional variables p.

Theorem (Completeness Theorem for complex semi-tense De Morgan

algebras)

An equation holds in every complex semi-tense De Morgan algebra if and
only if it holds in every semi-tense De Morgan algebra.
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Outline

e Finite model property and decidability for poset-based logics for the De
Morgan negation
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Finite model property and decidability for poset-based logics for the De Morgan r

The so-called finite model property and the decidability are in logic
considered as very appropriate properties which enable to use this logic in
numerous applications both inside and outside the traditional logical

reasoning. It can be of some interest that all the logics mentioned here have
these very strong properties.

The poset-based logic for the De Morgan negation Lpyp has the finite model
property, i.e., any formula that fails in a model of Lpyp fails in a finite model.

Idea of proof: use M.
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Finite model property and decidability for poset-based logics for the De Morgan r

The poset-based logic for the De Morgan negation Lpyp is decidable, i.e., for
any formula it is possible to decide, in a finite number of steps, whether it is a
theorem or not.
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Theorem

The poset-based logic for the De Morgan negation Lpyp is decidable, i.e., for
any formula it is possible to decide, in a finite number of steps, whether it is a
theorem or not.

Proof.

Let ¢ be a formula. We have an enumeration ¢ of all formal proofs in our
axiomatic system. We can now proceed to decide whether ¢ is a theorem or
not. If ¢ is not a theorem then it fails in M, and this task can be accomplished
in a finite number of steps. If ¢ is a theorem then there is a formal proof of ¢.
This formal proof must occur in our enumeration €. O

<
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The normal D-modal poset-based logic for the De Morgan negation Lp,,p has
the finite model property.

Idea of proof: use so called filtration method.
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Finite model property and decidability for poset-based logics for the De Morgan r

The normal D-modal poset-based logic for the De Morgan negation Lp,,p has
the finite model property.

Idea of proof: use so called filtration method.

The normal D-modal poset-based logic for the De Morgan negation Lp,,p is
decidable. |

Note that one can extend the number of semi-tense operators finitely many
times and our results remain valid. )
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Appendix

Thank you for your
attention.
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