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Introduction
Effect algebras (EAs)(E;⊕, 0, 1) (D.J. Foulis and
M.K. Bennett, 1994) — abstract version of the system
E(H) of all self-adjoint operators between zero and
identity on a Hilbert spaceH – algebraic basis for
(possibly) unsharp (fuzzy) quantum-mechanical
measurements.
• Special subclasses: the class of orthoalgebras,
orthomodular posets and orthomodular lattices,
MV-algebras.
• Examples:(G,G+) abelian po-group.
Γ(G, a) := {g ∈ G : 0 ≤ g ≤ a}, a ∈ G+ is interval
effect algebra.
• E(H), MV-algebras, effect algebras with RDP are
interval effect algebras (Mundici 1986, Ravindran
1996). Integral representation of states on quantum structures



LS-theorem, MV
Loomis-Sikorski theoremfor σ MV-algebras:
∀ σ MV-algebraM , ∃ tribeT of fuzzy sets onΩ 6= ∅
and surjectiveσ MV-algebra morphismh : T → M
(Mundici 1999, Dvurečenskij 2000).

(1) ∀f ∈ T , f : Ω → [0, 1] ⊆ R is Borel measurable
w.r. B0(T ) := {A ⊆ Ω : χA ∈ T }

(2) ∀ σ-additive states onM ,

s(a) =

∫
Ω

f(ω)ds ◦ h(ω), a ∈ M,h(f) = a.

(Butnariu,Klement 1993).
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LS-theorem, EA with RDP
L-S theorem for monotoneσ-complete EAs with RDP:
∀E ∃ effect tribeTe of functionsf : Ω → [0, 1] and a
surjective effect algebraσ-morphismh : Te → E.
(Buhagiar, Chetcuti, Dvurečenskij 2006).

• If (1) holds forTe, then also (2) holds forE.
(Dvurečenskij 2011)

We show that if (1) holds, thenTe is a tribe andE
represented byTe is aσ MV-algebra.

Other consequence of (1) is a kind ofspectral theorem
for σ MV-algebras andsmearingtheorems for states
and observables.
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effect algebras
An effect algebra (EA) is a partial algebra(E;⊕, 0, 1)
whereE is a nonempty set,⊕ is a partial binary
operation and0, 1 are constants, such that

(E1) a⊕ b = b⊕ a (commutativity);

(E2) (a⊕ b)⊕ c = a⊕ (b⊕ c) (associativity);

(E3) ∀a ∈ E there is a uniquea′ ∈ E with a⊕ a′ = 1;

(E4) if a⊕ 1 is defined, thena = 0.

a andb areorthogonal(a ⊥ b) iff a⊕ b is defined.
a ≤ b iff ∃c ∈ E: a⊕ c = b; thenc =: b⊖ a,
0 ≤ a ≤ 1.
• E is monotoneσ-completeiff every ascending
sequence of elements inE has a supremum inE.
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MV-(effect) algebras
E hasRiesz decomposition property(RDP) iff
whenevera ≤ b⊕ c, there areb1 ≤ b, c1 ≤ c with
a = b1 ⊕ c1.
• Every effect algebraE with RDP is a unit interval
G[0, u] in an abelian interpolation po-group(G, u)
with strong unitu, where the partial operation⊕ is
defined be the restriction of the group operation+ to
the unit interval (Ravindran 1996).
A lattice ordered effect algebra with RDP is an
MV-effect algebra.
• MV-effect algebras are equivalent with
MV-algebras.
• Every MV-algebra is a unit interval in anℓ-group
with a strong unit ((Mundici 1986).
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effect tribe
An effect tribeis a systemTe ⊆ [0, 1]X , X 6= ∅ such
that:

(i) 1 ∈ Te,

(ii) 1− f ∈ Te wheneverf ∈ Te,

(iii) f + g ∈ Te wheneverf, g ∈ Te andf ≤ 1− g,

(iv) (fn)n ⊆ Te andfn ր f pointwise =⇒ f ∈ Te.

Te is a monotoneσ-complete EA with RDP.
Replacing (iii) and (iv) by

(iii’) if (fn)n is a sequence fromT , then
min{

∑∞
i=1

fn, 1} ∈ T

we obtain atribe. A tribe is aσ MV-algebra with the
binary operationf ⊞ g = min{f + g, 1}.
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states, central elements
A stateon an EAE is a mappings : E → [0, 1] such
that (i)s(1) = 1; (ii) s(a⊕ b) = s(a) + s(b) whenever
a⊕ b exists.
A states is σ-additiveiff for every ascending
sequencean ր a we haves(an) → s(a).
• z ∈ E is central iff every a ∈ E uniquely
decomposes intoa = a1 ⊕ a2 with a1 ≤ z, a2 ≤ z′.
Central elements form a Boolean subalgebra ofE.
If E has RDP, then central elements coincide with
sharp elements ofE (a ∈ E is sharpiff a ∧ a′ = 0).
• If Te ⊆ [0, 1]X is an effect tribe, then sharp (central)
elements are characteristic functions inTe, and
B0(Te) := {A ⊆ X : χA ∈ Te} is aσ-algebra of sets.
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integral representation
• Let Te be an effect tribe such that∀f ∈ Te, f is
Borel measurable w.r.B0(Te), then for every
σ-additive states onTe,

s(f) =

∫
X

f(x)µs(dx), µs(A) = s(χA), A ∈ B0(T ).

• If E is monotoneσ-complete EA with RDP with
LS-representationh : Te → E such thatTe has the
property that everyf ∈ Te is B0(Te) measurable, then
for everyσ-additive states onE,

s(a) =

∫
X

f(x)µs(h(dx)), f ∈ Te, h(f) = a.

(Dvurečenskij 2011). Integral representation of states on quantum structures



general comparability
• Effect tribeTe with the property that∀f ∈ Te, f is
B0(Te)-measurable, has GC, hence is a lattice
(SP, Vinceková 2015).
E satisfiesgeneral comparabilityproperty (GC), iff
∀x, y ∈ E ∃e ∈ E, e central:x ∧ e ≤ y ∧ e,
x ∧ e′ ≥ y ∧ e′ ( Goodearl 1986).
• If E has GC, thenE is a lattice.
( x, y ∈ E, x ∧ y = x ∧ e⊕ y ∧ e′).
• f, g ∈ Te, A := {x ∈ X : f(x) ≤ g(x)}, then
χA ∈ Te is central. Thenf ∧ χA ≤ g ∧ χA,
f ∧ χAc ≥ g ∧ χAc.
• Effect tribe which is a lattice, is a tribe.
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theorem
• Let E be a monotoneσ-complete EA with RDP and
let (X, Te, h) be a LS-representation ofE with
property (1), i.e. such that everyf ∈ Te is
B0(Te)-measurable. ThenE is a lattice, thus aσ
MV-algebra (SP, Vinceková 2015).
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spectral theorem
M - σ MV-algebra,
(X, T , h) its LS-representation.
• To everya ∈ M , there is a sharp observable

Λa : B([0, 1]) → B0(M).

The mappinga → Λa is one-to-one, and for every
σ-additive state onM ,

m(a) =

∫ 1

0

λm(Λa(dλ)).

(f ∈ T , h(f) = a, Λa(B) = h ◦ f−1(B), B ∈ B([0, 1])).

(SP 2005)
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functional calculus
B0(M) is a Booleanσ-algebra. Ifξi, i = 1, 2, . . . , n
are sharp real observables onM , there is a unique
observableη : B(Rn) → B0(M) such that
ξi(A) = η(π−1(A), π : Rn → R is the projection.
η is thejoint observablefor ξi, i = 1, 2, . . . , n.

If φ : Rn → R is any Borel function, the map
B → η(φ−1(B))(B ∈ B(R)) is an observable with
range inB0(M). The observableη ◦ φ−1 is φ-function
of ξi, i = 1, 2, . . . , n.
• Fora, b ∈ M , Λa⊞b is theφ-function ofΛa,Λb

whereφ(t1, t2) = min{t1 + t2, 1},
Λa∨b = φ(Λa,Λb), φ(t1, t2) = t1 ∨ t2.
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smearings
• (X, T , h) - LS-representation ofM ,
(Y,F) - measurable space. TFAE:
(i) ξ : F → M is an observable.
(ii) ∃ ν : X ×F → [0, 1]:
∀F ∈ F , x 7→ ν(x, F ) ∈ T :
(Fi)i ⊆ F , Fi ∩ Fj = ∅, i 6= j =⇒
h({x ∈ X :

∑∞
i=1

ν(x, Fi) 6= ν(x,
⋃∞

i=1
Fi)}) = 0.

s(ξ(F )) =

∫
X

ν(x, F )s ◦ h(dx), s− σ-additive

• Every probability measure on the Booleanσ-algebra
B0(M) of sharp elements ofM uniquely extends to a
σ-additive state onM (SP 2005).
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proof
Proof. PutX = S(E), a ↔ â : S(E) → [0, 1], â(s) = s(a),

continuous function. Define forf : X → [0, 1] : f ∼ b̂, b ∈ E iff

N(f − b̂) ∩ ExtS(E) is meager.Te is the tribe generated by

{â : a ∈ E}, then for allf ∈ Te, ∃!b ∈ E : b̂ ∼ f . Define

h(f) = b iff f ∼ b̂, thenh : Te → E is surjectiveσ-effect algebra

morphism.

1. PutB0(E) - sharp (central) elements inE,

∀a ∈ E, e ∈ B0(E) : a = a ∧ e⊕ a ∧ e′. Then

a = h(â) = h(â ∧ e) + h(â ∧ e′). Using that fore ∈ B0(E),

ê(s) = s(e) ∈ {0, 1} ∀s ∈ ExtS(E), we show that

h(â ∧ e) = h(â) ∧ h(ê).

2. E has GC:a, b ∈ E, fa, fb ∈ Te, h(fa) = a, h(fb) = b.

Te has GC=⇒ ∃ A ∈ B0(Te) such that

fa ∧ χA ≤ fb ∧ χa, fa ∧ χAc ≥ fb ≥ χAc.
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observables
An observableon aσ MV-(effect) algebraM is a
σ-morphismξ : F → M , where(Y,F) is a
measurable space, that is:

(i) ξ(Y ) = 1;

(ii) ξ(A ∪ B) = ξ(A)⊕ ξ(B) whenever
A,B ∈ F , A ∩ B = ∅,

(iii) A,An ∈ F , An ր A impliesξ(An) ր ξ(A).

ξ is sharpif its range is contained in the setB0(M) of
sharp elements inM .
ξ is real if (Y,F) ≡ (R,B(R)); theexpectationof ξ in
a statem is m(ξ) =

∫
R
λm ◦ ξ(dλ).
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