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| ntroduction

Effect algebras (EAS)E; @, 0, 1) (D.J. Foulis and
M.K. Bennett, 1994) — abstract version of the syste
E(H) of all self-adjoint operators between zero and
identity on a Hilbert spacé&/ — algebraic basis for
(possibly) unsharp (fuzzy) quantum-mechanical
measurements.

e Special subclasses: the class of orthoalgebras,
orthomodular posets and orthomodaular lattices,
MV-algebras.

e Examples:(G, GT) abelian po-group.

['(G,a) :={9g€G:0<g<a},ac G isinterval
effect algebra

e £(H), MV-algebras, effect algebras with RDP are
interval effect algebragMundici 1986, Ravindran



L S-theorem, MV

Loomis-Sikorski theoreor o MV-algebras:

V o MV-algebral/, d tribe T of fuzzy sets orf2 £ ()
and surjectiver MV-algebra morphisnt : 7 — M
(Mundici 1999, Dvurecenskij 2000

(DVfeT,f:Q—]0,1] € Ris Borel measurable
W.Ir. Bo(T) ={ACQ:xa€T}

(2) V o-additive states on M,

s(a) = /Qf(w)ds oh(w),a € M,h(f) = a.

(Butnariu,Klement 1993
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L S-theorem, EA with RDP

L-S theorem for monotonecomplete EAs with RDP:
VE d effect tribe7, of functionsf : 2 — |0, 1] and a

surjective effect algebra-morphismh : 7. — E.
(Buhagiar, Chetcuti, Dvurecenskij 2006

e If (1) holds for7,, then also (2) holds foF.
(Dvurecenskij 20111

We show that if (1) holds, then is a tribe andE
represented by, Is ac MV-algebra.

Other consequence of (1) is a kindsgfectral theorem
for o MV-algebras angmearingtheorems for states
and observables.
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effect algebras

An effect algebra (EA) is a partial algeb(&’; &, 0, 1)
whereFE Is a nonempty setp Is a partial binary
operation and, 1 are constants, such that

(E1) a ® b = b ® a (commutativity);

(E2) (adb) ®c=ad (b c) (associativity),

(E3) Va € E thereis aunique’ € E witha @ o’ = 1;

(E4) if a ® 1 1s defined, them = 0.

a andb areorthogonal(a L b) iff a & b Is defined.
a<biff dce€ E: a P c = b;thenc =: b © qa,
0<a<l.

e £’ IS monotoner-completaff every ascending
sequence of elements Ahas a supremum IA'.
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MV-(effect) algebras

E hasRiesz decomposition propeligDP) iff
whenever < b & ¢, there aré; < b, c; < ¢ with
a=0by P cy.

e Every effect algebr&’ with RDP Is a unit interval
|0, u] in an abelian interpolation po-group:, )
with strong unitu, where the partial operatian is
defined be the restriction of the group operatito
the unit interval Ravindran 1994

A lattice ordered effect algebra with RDP Is an
MV-effect algebra

o MV-effect algebras are equivalent with
MV-algebras.

e Every MV-algebra is a unit interval in alagroup
with a strong unit (Mundici 1984.
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effect tribe

An effect tribeis a systeny, C [0,1]*, X # ( such
that:

() 17,
(i) 1 — f € 7.wheneverf € 7.,

(i) f+ge7T.wheneverf,g e 7.andf <1 — g,
(iv) (fn)n € 7T.andf, 7 f pointwise — f € 7..
7. 1s a monotone-complete EA with RDP.
Replacing (i) and (iv) by

(i) if (f,)n 1S a sequence from, then

min{> *, f., 1} € T

we obtain aribe. A tribe i1s ac MV-algebra with the
binary operatiory H g = min{ f 4+ ¢, 1}.
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states, central elements

A stateon an EAF is a mapping : £ — |0, 1] such
that (i) s(1) = 1; (ii) s(a @ b) = s(a) + s(b) whenever
a @ b exists.

A states Is o-additiveliff for every ascending
sequence,,  a we haves(a,) — s(a).

e 2 € F Iscentraliff every a € E uniguely
decomposes into = a; ® as With a1 < z, as < 72/,
Central elements form a Boolean subalgebr& of

If £/ has RDP, then central elements coincide with
sharp elements ot (a € E' is sharpiff a A a' = 0).

o If 7, C [0,1]* is an effect tribe, then sharp (centra
elements are characteristic functions/inand
Bo(7.) :={A C X : x4 € 7.} is ac-algebra of sets.
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Integral representation

e Let 7. be an effect tribe such th&lf € 7., f is
Borel measurable w.i3,(7.), then for every
o-additive states on 7.,

5(f) = /X F(@)s(d), ps(A) = s(xa), A € Bo(T).

e If £ Is monotoner-complete EA with RDP with
LS-representatioh : 7. — E such that/, has the

property that every € 7. is By(7.) measurable, then
for everyos-additive states on E,

s(a) = /X F(@)us(h(de)), f € Toh(f) = a.

(Dvu e ée ns klj 2 O 1ﬂ_ Integral representation of states on quantum struc



general compar ability

e Effect tribe’7. with the property that/'f € 7., f Is
By(7.)-measurable, has GC, hence is a lattice
(SP, Vincekova 2015

FE satisfieggeneral comparabilityproperty (GC), iff
Ve,y € Ede € E,ecentral:z Ae <y Ace,

xANe >y Ae (Goodearl 198.

o If £ has GC, thert Is a lattice.

(r,ye E,xANy=xNedyAe).

o fgeT, A={xeX: f(x) <g(x)}, then

x4 € T.is central. Therf A x4 < g A v,

fAXae 2 g N Xae.

e Effect tribe which is a lattice, Is a tribe.

Integral representation of states on quantum struct



theorem

e Let £ be a monotone-complete EA with RDP and
let (X, 7., h) be a LS-representation &f with
property (1), I.e. such that evelyc 7. Is
By(7.)-measurable. Thef is a lattice, thus &
MV-algebra &P, Vincekova 2015
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spectral theorem

M - o MV-algebra,
(X, T, h) its LS-representation.
e To everya € M, there Is a sharp observable

A, : B([0,1]) — By(M).

The mapping: — A, IS one-to-one, and for every
co-additive state o/,

m(a):/O Am(Aq(dN)).

(f € T,h(f) = a, A\a(B) = ho f~H(B), B € B([0, 1])).
(SP 2005
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functional calculus

By(M) is a Boolearv-algebra. If¢;,: =1,2,...,n
are sharp real observables bh there Is a unique
observable) : B(R") — By(M) such that

&(A) =n(r1(A), 7 : R" — Ris the projection.
n Is thejoint observabldor &;,: = 1,2, ... . n.

If : R" — R Is any Borel function, the map

B — n(¢~1(B))(B € B(R)) is an observable with
range inBy(M). The observablg o ¢! is ¢-function
Offi,i =1,2,...,n.

o Fora,b € M, A,m IS theg-function of A, A,
Whereé(tl, tg) = min{t1 + 19, 1},

Ao = ¢(Nay Ap), 0(t1, t2) =61 V T
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smearings

e (X,7T,h)-LS-representation af/,

(Y, F) - measurable space. TFAE:

() £ : F — M I1s an observable.

(i) dv: X x F—|0,1]

VE e Fox—v(x, F)eT:

h({x e X ) 2 v(e, Fy) # vz, Uz Fi)}) =0,

s(E(F)) = /X v(x, F')s o h(dx),s — o-additive

e Every probability measure on the Booleatalgebra
By(M) of sharp elements af/ uniquely extends to a
o-additive state o/ (SP 200%.
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pr oof

Proof. PutX = S(F),a < a: S(E) — [0,1],a(s) = s(a),
continuous function. Define fof : X — [0,1] : f ~ b,b € E iff
N(f —b) N ExtS(E) is meagerT. is the tribe generated by
{d:a e F}, thenforallf € 7,,3b € E : b~ f. Define
h(f)=0iff f~ b, thenh : T, — E is surjectiver-effect algebra
morphism.

1. PutBy(FE) - sharp (central) elements I,

Va € E,e € Bo(E):a=aNedaANe. Then

a=h(a) = h(aNe)+ h(a/A\e’). Using that fore € By(F),
é(s) = s(e) € {0,1} Vs € ExtS(FE), we show that

hia Ne) = h(a) A h(é).

2. Fhas GCu,b € E, f,, fo € Tc, h(f.) = a, h(fp) = b.

T. has GC= 4 A € By(7.) such that
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observables

An observableon ac MV-(effect) algebral/ Is a
og-morphism¢ : F — M, where(Y, F) is a
measurable space, that Is:
(i) &Y) =1,
(i) E(AUB) =¢(A) @ &(B) whenever
A BecF,ANB =0,
(i) A A, e F, A, M Aimpliesé(A,) 7 E(A).

¢ is sharpif its range is contained in the s& (M) of
sharp elements IRV/.

¢isrealif (Y, F) = (R, B(R)); theexpectatiorof £ in
a staten ism(&) = [, Am o £(dN).
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